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ABSTRACT: We construct a holographic map between asymptotically AdSs x S solutions
of 10d supergravity and vacuum expectation values of gauge invariant operators of the
dual QFT. The ingredients that enter in the construction are (i) gauge invariant variables
so that the KK reduction is independent of any choice of gauge fixing; (ii) the non-linear
KK reduction map from 10 to 5 dimensions (constructed perturbatively in the number
of fields); (iii) application of holographic renormalization. A non-trivial role in the last
step is played by extremal couplings. This map allows one to reliably compute vevs of
operators dual to any KK fields. As an application we consider a Coulomb branch solution
and compute the first two non-trivial vevs, involving operators of dimension 2 and 4, and
reproduce the field theory result, in agreement with non-renormalization theorems. This
constitutes the first quantitative test of the gravity/gauge theory duality away from the
conformal point involving a vev of an operator dual to a KK field (which is not one of the
gauged supergravity fields).
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1. Introduction

Gravity /gauge theory dualities relate string theory on spacetimes that asymptote to Ad.S,,x
X, where X is a compact manifold and gauge theory residing on the conformal boundary of
the AdS part of the geometry. In the initial work [l the dual theory was a conformal field
theory (CFT) and the bulk spacetime AdS,, x X (rather than asymptotic to it), but it was
soon recognized that the duality can be extended to describe quantum field theories that
can be obtained from the CFT by either adding new terms in the action or considering
vacua where the conformal symmetry is spontaneously broken. Both of these cases are
described gravitationally by a solution that is asymptotic to AdS,, x X.

Despite much work however basic questions still remain. One such question that will

be the subject of this paper is:

Given a ten dimensional solution that is asymptotic to AdS,, x X how does one
compute the vacuum expectation values of gauge invariant operators?

Roughly speaking vevs of chiral primary operators should appear in the radial expansion
of the bulk solution. However making this precise proves to be a lot more subtle that
one might have anticipated, and even qualitative features are not reproduced correctly
by naive methods. The answer to this question should follow from the basic AdS/CFT
dictionary [f, ff]. This is indeed the case but in order to implement the idea one has to
sharpen existing methods and overcome several technical issues.

To illustrate the issues involved it is instructive to consider a simple example where
the physics of the solution is well understood. A class of such examples is provided by
multicenter D3-brane solutions, which in the near-horizon limit correspond to the Coulomb
branch of /=4 SYM [[f]. These examples are particularly interesting because the QFT
vevs are protected by a non-renormalization theorem, and the gravitational results must
therefore agree exactly with those computed at weak coupling. The metric is of the well-

known form
ds* :H(.%'J_)_l/zdl'ﬁ + H(z,)?dz? (1.1)

where H is a harmonic function in transverse directions. For a distribution o(%) of D3

) (1.2)

where in the last equality we expanded in 72 = |z |?, Y* are spherical harmonics and
Qr are numerical constants that depend on the distribution o (). Inserting this in ([[.1)
and expanding in 7 results in a metric that is asymptotically AdSs x S°. The QFT vevs

branes, the harmonic function reads

> o
H(z,) = /dﬁquy)q|4 _ & <1+Z R
k=1

r4 r

should be encoded in the asymptotics and the purpose of this work is to show how to
unambiguously extract this information.

The solutions under discussion are special in that they are uniquely determined in
terms of a harmonic function. Furthermore, the spherical harmonics appearing in ([[.9)
are in 1-1 correspondence with the chiral primary operators of N’ =4 SYM and the radial



power at which they appear is the correct power for their coefficients to correspond to the
vevs of the dual operator. This led [[] to propose that these coefficients are proportional to
vevs of the corresponding operators. Although this is a well motivated proposal, it is not
clear how one would generalize it to the general case where the solution is not determined
by a harmonic function. Even for the case at hand there are several open questions. For
instance, inserting the harmonic function in the metric leads to terms involving powers of
spherical harmonics whose meaning is not clear and in general there is also a dependence
on the radial coordinate used to perform the asymptotic expansion. The simplifications
special to such cases (i.e. when the solution is determined by a harmonic function) will
be discussed in a separate publication [ff]. In this paper we strive for generality, so our
starting point will be general asymptotically AdSs x S°® metrics and we will only use the
CB solutions in order to illustrate the general procedure.

Recall that the basic dictionary of the gravity/gauge theory duality [B, ] states that
(i) there is a bulk field corresponding to each gauge invariant operator and (ii) the string
partition function with bulk fields satisfying appropriate boundary conditions is equal to
the generating functional of QFT correlators with the boundary conditions playing the
role of sources. In particular, one could compute vevs (in the large N and large 't Hooft
coupling limit) by differentiating the supergravity on-shell action once w.r.t. sources. In
implementing this procedure however one finds several obstacles.

First, the relation in (ii) should be understood as a “bare relation” as both sides di-
vergence. To make the procedure well-defined one must renormalize. This is a standard
procedure on the field theory side. On the gravitational side, the corresponding proce-
dure, denoted holographic renormalization, was developed in a series of papers [[]—[[]] (see
also [[L1-[L6] for related work and [[LF] for a review).! After renormalization is done, the
one point functions can be computed in all generality. The answer relates the one point
function to certain coefficients in the asymptotic expansion of the bulk fields. So given any
solution of 5d gravity coupled to matter one could read off the vevs of the dual operators
by looking at the asymptotics.

We would like to emphasize that the procedure of renormalization is essential for
correctly extracting the vevs. To give an example where a naive prescription fails, consider
the case of the CB solution corresponding to a distribution of D3 branes on a disc of radius
. The 5d metric obtained by reducing the 10d solution over the sphere has the following
asymptotics,

52 4
ds* = % + ?12 (1 - i—8;:«4 + 0(;:«6)> da'dz’ (1.3)
A naive prescription for reading off vevs that is often quoted in the literature is that the vev
of an operator can be obtained, up to a (non-zero) numerical constant, from the normal-
izable mode of the corresponding bulk field. The bulk metric is dual to the stress energy
tensor so one would be tempted to identify the coefficient of the 2* term with the vev of

IThe starting point in the analysis in these papers was the lower dimensional AdS gravity obtained by
reducing the original theory over the compact space X. A discussion that starts from higher dimensions
can be found in [@, @]



the stress energy tensor. This is clearly incorrect since that would imply non-zero vac-
uum energy for the dual theory but the solution is supersymmetric so the vacuum energy
should be equal to zero. Indeed the 1-point function extracted using holographic renor-
malization [§, fl] contains additional terms (see (p.11)) below) and taking those into account
one finds the expected result, zero. Such subtleties are present in all cases, including that
of scalar fields. For example, for deformation flows the vevs of all operators should be
equal to zero, but there are examples where the above naive prescription leads to non-zero
values. Again the correct 1-point functions include additional terms so that the total result
is zero (see [B, @, Rq)).

An analysis that starts from the lower dimensional gauged supergravity is sufficient
if one is only interested in computing vevs for operators dual to fields of the gauged su-
pergravity. There is however an infinity of other (half supersymmetric) gauge invariant
operators which would then ab initio be excluded from the analysis. These operators are
dual to massive KK fields. The map between KK fields and gauge invariant operators was
worked out in [[j] (and subsequent papers) using the computation of the KK spectrum of
AdSs x S% in [R1]. In this paper a linearized analysis around AdSs x S® was performed.
This analysis provides an explicit map (in a specific gauge) between linearized solutions
of the ten dimensional equations of motion and linearized solutions of the dimensionally
reduced five dimensional equations. To compute the vevs however we need to know the
map at the non-linear level. To illustrate this, let s* be ten-dimensional fields and let S* be
the corresponding five dimensional fields. In general the reduction map will be non-linear
and takes the form

Sk = gk 4 Z (Jklmslsm + LklmDule“sm + (’)[3]3) (1.4)

Ilm

where Jgi, and Ly, are numerical coefficients and we retain only terms quadratic in the
fields. (We also suppress contributions on the right hand side from other scalar and non-
scalar fields since they are not necessary to illustrate our point.) If S¥ is dual to an operator
of dimension k then we would need to extract the coefficient of order z* to determine the
operator’s vev. Clearly, quadratic terms with [ + m = k will also contribute at the same
order and therefore such non-linear terms in the KK map cannot be ignored. Similarly
cubic and higher order in fluctuation terms that are of order zF will also contribute, along
with non-linear contributions involving other supergravity fields.

So to read off the vevs we need to understand the KK reduction map at the non-
linear level. However, if we are interested in the vev of an operator of a given dimension,
only certain non-linear terms need to be computed, namely the ones that could possibly
contribute to the vev. For instance, if we are interested in computing the vev of an operator
of dimension 4, we would only need to keep terms quadratic in the fields dual to operators
of dimension 2. This in effect truncates the reduction to a finite number of fields. This
should be contrasted with the issue of consistent truncation. When the latter is possible
one keeps only the “massless” KK modes in the reduction. In our case we keep massive
KK fields as well. However, only a finite subset of them contribute to the asymptotics up
to a given order.



Another issue is that of gauge fixing. The analysis in [R1] was done in the de Don-
der gauge. Generically however a given supergravity solution will not be in this gauge
and finding the coordinate transformation that would bring the solution to this gauge is a
complicated task. To deal with this issue we will instead develop a “gauge invariant KK
reduction”. Instead of fixing the gauge, we combine the fields in gauge invariant combi-
nations. This can be done systematically in an expansion in the number of fields. Having
worked out these combinations, one can relax the de Donder gauge condition by simply
replacing every field by its gauge invariant generalization in all results obtained in a specific
gauge.

To summarize, we argue that in order to compute the vevs we need to obtain the
non-linear KK map in terms of gauge invariant variables to appropriate order in the num-
ber of fields. This procedure results in five dimensional field equations and an explicit
map between 10d solutions and solutions of these 5d equations. The 5d equations can
be integrated into a 5d action and from here one can obtain the 1-point functions follow-
ing the procedure of holographic renormalization. There is however an additional sub-
tlety. In some cases the five dimensional equations contain no couplings between certain
fields but boundary interactions exist [29]. These boundary couplings are in fact respon-
sible for extremal n-point functions, namely correlators involving operators of dimensions
{ki=ka+ - +kn, ko,..., k,}. One must take into account these additional boundary terms
when working out the holographic 1-point functions.

Combining the non-linear, gauge invariant KK reduction map with the holographic
1-point functions we finally arrive at a well defined map between the asymptotics of a 10d
solution and vevs of gauge invariant operators.

This paper is organized as follows. In the next section we discuss the Coulomb branch
of N'=4 SYM. We focus on a specific case where the vevs are uniformly distributed on a
disc and compute all vevs of gauge invariant operators. The challenge for the gravity/gauge
theory duality is to reproduce ezactly these vevs holographically. In sections [, [l and
we build the holographic map. In section f| we construct gauge invariant variables; in
section [] we work out the KK map to second order in the fields and in section | we derive
the holographic 1-point functions. In section fj we discuss the supergravity solution dual to
the CB state discussed in section [l and use the map developed in sections ], [, fl in order
to compute the first two non-trivial vevs and find perfect agreement with field theory!
We conclude in section [] with a discussion of our results. Several technical details are
relegated to appendices A, B and C. In appendix A we discuss the harmonic expansion of the
antisymmetric gauge field; in appendix B we summarize and develop several results about
spherical harmonics with SO(4) symmetry and in appendix C we discuss the computation
of the field equations to second order in fluctuations.

2. N =4 SYM on the Coulomb branch

N =4 SYM contains 6 scalar fields X’ in the adjoint representation of the gauge group
that we take to be SU(N). The Coulomb branch of N/ =4 SYM corresponds to giving a
vacuum expectation value (vev) to the scalars subject to the condition [ X%, X%] = 0. Upon



diagonalizing the scalar fields the moduli space is parametrized by the 6(N — 1) eigenvalues
of vevs (modulo the Weyl group). In the large N limit we can approximate the eigenvalues
by a continuous distribution. Notice that the Coulomb branch still preserves N = 4
supersymmetry but the conformal symmetry and the 16 superconformal supersymmetries
are broken. This implies that the vevs are protected from acquiring quantum corrections, as
we explain at the end of this section. So this example represents an ideal case for a precision
test of the gravity/gauge theory correspondence in a non-conformal setting. It has been
known since [ that there is a one to one correspondence between the Coulomb branch
of N = 4 SYM and multicenter D3 brane solutions. Since the vevs do not renormalize,
however, one should be able to establish a strong result, namely the exact values of vevs
should be reproducible by a gravitational computation.

We will consider in this paper the specific case of a uniform distribution of eigenvalues
of X! and X? on a disc of radius @ and vanishing vev for the remaining scalars, (X3) =
(X% = (XP) = (X)) = 0. Let

X1 = pcos ¢, X2 = psin¢ (2.1)

To leading order in the large N limit we may represent the eigenvalues by a uniform
continuous distribution,

N

o(p.0) = —. (22)

Notice that the configuration corresponding to this continuous distribution preserves an
SO(4) x SO(2) symmetry of SO(6).

To compare with supergravity we would like to parametrize the moduli space by vevs

of composite operators. We consider the following chiral primaries (CPOs) of N' =4 SYM

oh = Nj,Ch

i1k

Tr(X - X)), (2.3)

where N7, is a normalization factor and C''t is a totally symmetric traceless rank k tensor

of SO(6) which is normalized such that <C’Il CIQ> = Cilll___ikcilf,,.ik = ¢h112 The SYM action
is normalized such that the relevant propagators are
i j 92 6ab6ij
(Xi@)X](y)) = DM (2.4)
(2m)% [z — |

where a, b are color indices.
The cases of interest are the operators which are singlets under the decomposition of
SO(6) into SO(2) x SO(4) since non-singlet operators have zero vev. These operators can

be obtained from the explicit expression of scalar harmonics in appendix [B.] by suitably

replacing 2%t by X% compare (R.J) and (B.11). The result for the singlets is

s (50 (1) () ). e

m=0



where R? = Z?:1(X )2, The explicit expressions for the lowest dimension operators are
thus

1
0? = No—=Tr(3p> — R?); 2.6
WG r(3p ) (2.6)

1
O* = Ny—=Tr(10p* — 8p*R% + R%); 2.7
YW r(10p™ — 8p ) (2.7)

1
0% = Ng—=Tr(350% — 45p* R? + 15p> R* — RY). (2.8)

8V7

To compute the vev of these operators we now use

a 2m 2N »
W) = [ don [ doatp. 0 = s, (2.9)
and the identity
n - m|[ T n+m+41 _
(G () () e e
to arrive at Ao a2
n\ __ 2ma“"
(0™ = 211\/7T+1N (2.11)

This result was derived by a tree-level computation. However it remains uncorrected
both perturbatively and non-perturbatively. A quantum correction to the vev of the scalars
X% would result from a non-vanishing tadpole contribution and this would induce a cor-
rection to the effective potential. However, there are no perturbative or non-perburtative
quantum corrections to the low energy (2-derivative) effective action of N =4 SYM B3, B4
so the vevs of the scalars are not corrected. The only remaining issue is operator mixing.
Indeed, chiral primary operators mix with certain multi-trace operators. However, this is a
subleading effect? in 1/N and we are considering the leading behavior. It follows that the
operators have the same vev (R.11) at strong coupling. The challenge for the AdS/CFT
correspondence is to reproduce these vevs.

3. KK reduction with gauge invariant variables

The I1IB SUGRA field equations® for the metric and 5-form field strength are given by:

1

GFMPQRSFMPQRS, F = xF. (3.1)

Ryn =

2The only exception is the case of extremal operators where the mixing with multitrace operators is
not subleading [@] In this paper it was argued that the supergravity fields are dual to the single trace
operators so these are the relevant operators to consider.

3The field strength differs by a factor of 4 from the conventions in @] Index conventions: M, N, ...
are 10d indices, p, v, ... are AdSs indices, a,b,... are S° indices. = denotes AdS coordinates and y S°
coordinates.



These equations admit an AdSs x S° solution

d=* 1
ds? = ziz + Z—Qdmﬁ + df? + sin” 9d3 + cos® Odp> (3.2)
Fﬁupm‘ €uvpoT, FaObcde = €abcde

We will consider here solutions that are deformations of AdSs x S® such that

gMN = gyun + hun, (3.3)

Fynpor = Fynpor + fMNPQR-

The fluctuations can be expanded in S® harmonics:

by, y) = D Iy (@)Y (y)
ha(@,y) = Y (B, @)Y (y) + B, (2)DaY " (y)
hary (@, y) = Y (S @Y (W) + 00 (2) DYy (v) + 63 () Dia Dy Y " (y))
ha(z.y) = Y 7 (2)Y " (y) (3.4)
and
Fuavpor (:y) = 5Dpb (@)Y (y)
Fappo(@,9) = Y (blke (£) DaY M (y) +4DbT L (2)Y, (y))
Fabwp(,y) = Y (BDby 8 (@) Y10 (y) — 2613, (2) DY (1)
Fabenr (,9) = > (2D b2 (@) eane™ Da¥ ./ (y) + 312 () D1 Yo (1))
Jabedp (T, y) = Z(Dubf)( 2)eabed DY " (y) + (A" — 4)bl5 (2)eapca Y (1))
Fabede(@,y) = D 0% (@) A capeae Y 1 (y) (3.5)

Numerical constants in these expressions are inserted so as to match with the conventions
of [21], see appendix [A]. Parentheses denote a symmetric traceless combination (i.e. Aar) =
1/2(Aap + Apa) — 1/5gapA%). Y Y Y(Il“) and Y[ y denote scalar, vector and tensor
harmonics whilst At and A’5 are the eigenvalues of the scalar and vector harmonics under
(minus) the d’Alembertian. The subscripts ¢, v and s denote whether the field is associated
with tensor, vector or scalar harmonics respectively, whilst the superscript of the harmonic
label I,, derives from the number of components n of the harmonic.

Not all fluctuations are independent however. Some of the modes are diffeomorphic to
each other or to the background solution, i.e. certain dhyn and 6 farnpor are generated
by a coordinate transformation,

aMl = M _ M (3.6)
These, up to terms linear in fluctuations, are given by

Shan = (Duén + Dnénr) + (D€ hpn + Dyl harp + €8 Dphan);  (3.7)
Sfunpr = 5D Fipors + (5Dié® fnporys + € Dsfunpqr).-



The gauge parameter £V (x,7) can be expanded in harmonics as

= @)Yy (3.8)
ga<x,y> = > <x>Y;5 <y> + &4 (@) DaY " ().

In much of the previous literature this issue was dealt with by imposing a gauge fixing
condition, most notably the de Donder-Lorentz gauge fixing condition

Dh(ap) = DRy, = 0. (3.9)

This amounts to setting to zero the coefficients B(Isl)u, (ﬁfi), (ﬁg) (as can be easily seen by
inserting (B.4) in (B.9)). Although this gauge is a very convenient choice for deriving the
spectrum, it is not very well suited for holography since generically solutions will not be
in that gauge. For this reason instead of gauge fixing this symmetry we will derive gauge
invariant combinations of fluctuations. This will allow us to switch easily between different

gauges.

3.1 Gauge invariance at linear order

We first discuss gauge invariance at leading order, i.e. we consider the fluctuation inde-
pendent terms in (B.7). These transformations map the fluctuations to the background
solution. Under these transformations the coefficients in (B.4) transform as
1 1 I 1 1 o34 I I
Ohyy, = D&t + DuE,) 5B(5)ﬂ = Dug(f}), 5B(;)u = Duﬁ(;) +&,)
pha Is _ 9¢ls L _ 9¢h ~Ih _oplieh
5¢(t) =0, 5¢(v) = 25(0), 5¢(s) = 25(5)7 o't = 2A f(s). (3.10)

It follows that QS( is gauge invariant to this order and for the rest of fields we can construct

the following gauge invariant combinations
il =7 — Al (3.11)
. - 1
15 _ 15 _ - 15
By = Buyu ~ 5P

1L 7L 11
hw/ = hw, D.B

1
(w = DB L A0

where we define

Bh

(s)u = 511 (3.12)

~ 1

n 1 I AT
=Bl =3Py 7 0B, =
Note that the last formula in (B.11]) is only valid for I;#0 (the fields B(I;) and (;5([;) exists

only for I; > 0, since YV is a constant). For I; = 0, Bgy is a deformation of the background
metric and from (B.10) we see that it indeed transforms as a metric.
Similarly, the leading term in the 5-form transformation implies for the coefficients in

the harmonic expansion the following transformations

I I I el I 1 I
0b(g) = &) 0bips = Euvpa’ &1’ 0by” = T (AL —4) Dyt

8bfs,, = ob/y =0, (3.13)



so that the gauge invariant combinations are

, 1
7 TRl

blo = blo = €ppo By,

T o 1 I

Yo = Yow ~ 3am = 1) Pl (8.15)

. pl I
and the fields b,3,, and b,}9.

3.2 Gauge invariance at quadratic order

In this subsection we will derive the gauge invariant combinations to second order in the
fluctuations. The idea is the same as in the previous subsection: we insert the harmonic
expansion of the fluctuations and the gauge parameter into (B.7) (which now includes
all terms) and read off the transformation of each coefficient. Then we seck a quadratic
modification of each field combination that is gauge invariant. One complication in this
case is that because the r.h.s. of (B.]) is non-linear one needs to project onto the basic of
spherical harmonics in order to extract the transformation of the coefficients. The analysis
can be readily carried out in all generality but for the applications considered in this
paper it is sufficient to consider only the modes that couple to scalar harmonics and their
derivatives, i.e. we set to zero all fields that couple to vector and tensor harmonics (and
their derivatives) (as well as 5(15)). Including these fields would result in additional terms
in the gauge invariant combinations below. Since no confusion can arise we also drop the
subscript (s) from relevant fields and use the condensed notation for indices and arguments:
qﬁg) — ot 7t — 7 2(k1) — z1,a(k1, k2, k3) — a123 etc. Note that we consistently use
the notation 1 to denote a field in the harmonic expansion of the supergravity field; TZJ to
denote a field which is gauge invariant to linear order and 3 to denote the field which is
gauge invariant to quadratic order.

3.2.1 Scalar fields

We first discuss the scalar fields, 7't gbé) and bh). Their transformations are given by (we

(s
suppress the linear terms determined in the previous section and factors (C11C12C13)):

- 1 2 - - - ~
o7t = o < ¢*Edyaz + <5A2§2773 + SMQD;NT?’) args + (£7° + 25“232)17123) ; (3.16)

1 2 ~
5ot = v <§2¢3€123 + <§“2Du¢3 + 3527?3) do13 + 25“2330123> ; (3.17)
141
1
ot = AL ((€"°Dyb” + A**€%)(bras + Aaia3)) | (3.18)
1

where the triple overlaps ajos = a(ky, ko, ks3),bia3 = b(ki, ko, k) etc are defined in ap-
pendix [B.1 and summation over (I, I3) is implicit.

From these transformations one can infer quantities which are gauge invariant to
quadratic order:

1 1

. 1 2 2A R A
ol =7t — — [ [ ZA%a193 + b1og — ——da13 | ¢*73 + | diaz — —eq23+ (3.19)
221 5 5q1 2q1

,10,



1 1 Al
AP ( Aajoz + 5123 - £d213>> ¢*¢°

. . 2AL
+2Bi <D“ﬁ3a123 + B <5123 - ?0123>>> ;

A A3 Al 1
b= b+ — <2A1 $*bb31z + —Cll213<252 i+ (mb:m + 0—d213 + 8—6123> ¢° 0’

—i—Bi <2—qlB3‘u0123 + FD'U'B?’leg)) . (320)

The I} = 0 sector is special because the scalar harmonic is constant. Notice that we only
have one scalar in this sector, namely 7#°. Working out the gauge transformation yields

570 = 2(k) <2§f¢1q<k> + %Afsffrf + &M Dy — (€17 + 25*”3,5>AI> : (3.21)

From here we obtain that the gauge invariant combination is (notice that #° was gauge
invariant to leading order, i.e. #° = 70)

70— 79 4 2 (k) (%qusfﬁf AT 4 8)le — BD T+ AIB“IBjZ) L 322)

4

where the summation over I is implied and #! and BH are defined in (B.11) and (B.12).
Let us now consider the field ngb(t) associated with the tensor harmonic. Whilst this is

gauge invariant to leading order, at the next order it transforms as
“ 2 . 5
5y = o (é“ el <§“2Du¢3 + 55%3 - 2§H2Bf;> c§23> (3.23)

(t)

where the normalization factor z(;) and overlap integrals cj,3 etc are defined in the ap-
pendix B.1. Thus the gauge invariant combination to this order is

. 1 PP .
P =%+ oo ((—3“233 £7200 + AR ¢3) o~ 3o ¢3) (3.24)
3.2.2 Tensor fields

We now turn to the non-scalar sector. As we will see in the next section the field equations

algebraically relate the field bﬁly oo b0 the field bé)

the corresponding gauge invariant combinations) so we need not discuss this field. Fur-

(more precisely the field equations relate

thermore, B(Isl)“ is pure gauge. It is useful however to introduce the following combination
that transforms nicely up to quadratic order

o1/ 1/1 5 aon 1 A?
B, = B+ = <—— <—Du¢2773+ BVth,,>a123 + Du< ¢ (--bms + 8, 128 + 5—d213>
1 1 ¢

1/1 A
—d 228 4 2 —eqeg — B2B"?) ). 3.25
—1—10 213" t3 <q1 123 a123> by (3.25)

This transforms as 1
(SBb = gi + Z—1(£2B2b123 + £V2D,/B;ria123). (3.26)

— 11 —



Now consider the KK graviton modes, iL{}V The gauge transformation reads

- 1 - - - - .
ohl, = - ((Dﬂgmh?)’\y + D20, + EDARS, Jaras + (€253, + 2D(M§QB§’))b123) .
(3.27)
From this we derive the following gauge invariant combination (I # 0)
1 71 1 1 11 923 1 2 3
hMV = hMV — D“By — DVBM — Z 5(@ hl“/ + §Dﬂ¢ D,¢ )b123 (328)

(DB, 4 DB, + B¥DARS, + D,BYD, Bt BB, Bgf}g)alzg) .

Let us now discuss the I; = 0 case. ﬁfw transforms as
ohY, = Du&RY, + Dy&hs, + £°D,hY, (3.29)
+2(k) (DM R, + DM, + € DyRE, — AT(€7RE, + 2D, €' BL))

We introduce

. 1 1 A 1
hS, = hd, + gwogfw — z(k) <§AI <¢1hfw + ED“gbID,,gbI) (3.30)

1D, BMiL, + D,BMRL, + BN Dy, + D,BM D, B+ BN Blgs, - 3;35)
(the term linear in 7° was added in anticipation of the fact that it is Bgy + %frogzy that
satisfies the linearized equations of motion, see the discussion around ([L.F)). Recall that
this mode is a correction to the spacetime metric

G = G + h?w, (3.31)
so the combination should transform as
0gu = D¢y + DYy, (3.32)

where DY is the covariant derivative of the corrected metric (B.31]). Indeed one finds this
to hold with

G = &g, + 2D (ENDA\B] — A B]). (3.33)

4. Field equations

The field equations for the coefficients in the harmonic expansion were derived in the de
Donder gauge at linear order by []]] and at quadratic order in [P6—Pg]. The gauge invariant
variables derived in the previous section allow one to relax the gauge condition. Indeed
notice that the gauge invariant variables when evaluated in the de Donder gauge become
equal to the fields used in 1, d-RJ]. It follows (and we have explicitly checked this in
detail) that the field equations with no gauge condition imposed can be obtained from the
results in [R1, B Rg] by simply replacing each field with its gauge invariant generalization.
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4.1 Linear order

In this subsection we summarize some of the results of [21]] (a summary of the derivation
is given in appendix [J). As just mentioned, one can relax the gauge fixing condition by
replacing all fields by the hatted versions given in the previous section.

The scalars satisfy the following equations

08" = k(k —4)5", k>2,
Ot = (k+4)(k +8)i', k>0, (4.1)

Doy = k(k+ 494 k=2,

where we introduce the combinations

1 ) 1 )
s — (&l _10(k + 4)b0 fho— (x4 ok 4.2
y 20(k+2)(7T 0(Fk +4)b™), 2wk+2ﬂﬂ +10kb™),  (4.2)

with inverse relations bt = —§/1 +#0 #1t = 10k80 + 10(k + 4)t!.
The remaining modes that couple to scalar spherical harmonics are the KK gravitons.
They are described by transverse and traceless fields

1 2 .
_ - = DD, Za —12p0 I ) 4.
¢(W (W) (k+ 1)k +3) (5” b ) 170 (4.3)

satisfying the equation,
(D—(Mk+4y—mwaw:0,_h#0. (4.4)

The I; = 0 case is special in that this mode describes a deformation of the background
metric. The combination that satisfies the 5d linearized Einstein equation is

1
70 0 o ~O
b, = (h + 39T ) . (4.5)

One can understand the origin of the shift by #° by considering the reduction of the
10d action to five dimensions. Keeping terms linear in the fluctuations, the volume of
compactification manifold is

1
/d‘:’y\/det Jap = T <1 + §ﬁ0> (4.6)

It follows that the reduced action is

S ~ d%¢&@;<o+ W>R+”> (4.7)

and a Weyl transformation is required to bring the action to the Einstein frame. The
transformation from h?w to hiwo is precisely this Weyl transformation.

4.2 Quadratic order

The derivation of the equations of motion to second order in fluctuations was discussed
in [P6-PRY and is summarized in appendix [0. For our applications it is sufficient to retain
only the quadratic coupling to the field s2.

,13,



s> st Y t2 ¢t )
Dygy | —443 —E | B 1008 Z | =
By | % = | —m |- W - 7z | 3
For | 55 | 5 | ® % 0 i
Apo | 56 | am | —w0 |~ | o |
Agss | — 82 0 |~ S 55 | ®
App | =8 | 3% | % |5 ]| 0 0
Avpe | % | - vl - B Y% 0 m
Ty | RE | - wE | 1 2 i | B
Lz | 5o |~ | ™0 | 3| O |-
ww) | | A | A
M2z |~ 0 0 0 0 0

Table 1: Coefficients in (£.§), ([.9), (£.1d) and (fL11]).

4.2.1 Scalar fields
The corrected field equation for the scalar fields ¢ = {s?, s*, 10,2 t*, gb%t)} is given by

(O — m2)$! = Dys(5%)? + Eyoa D, 8°DM5% + Fyon D, D, 8*DH DY) §%, (4.8)

where the coefficients D2, Ey22, Fyyoo can be obtained from the results in appendix
and are given in table 1. The fields entering the Lh.s. of this equation are the gauge
invariant combinations to second order whilst the fields in the r.h.s. are the gauge invariant
combinations to linear order (since the r.h.s. is quadratic in fluctuations). This follows from
our general discussion and we have also explicitly checked that the terms involving gb%s) in
the second order equations (with no gauge fixing imposed) are accounted for by the (;5%3)
terms in the gauge invariant combinations. When s? is the leading non-zero field (as it is
in the application discussed in this paper) the gauge invariant combinations take the form

N R oA £ 9 A
Y=Y+ A¢s¢32¢%s) + A¢¢¢(¢%s))2 + z4¢sBZDMSQB(QS)‘u + Aﬂ’BBBé)B(Qs),u' (49)

The coefficients Aysg, Ayes, Apsp and Aypp are given in table 1.
The field equations in ([£§) contain higher derivative terms on the r.h.s which can
however be removed by the following transformation [R6]

U = w(h) (¥ + Jyp22(8*) + Ly D, §°DH§?) . (4.10)

This transformation is the non-linear KK map to quadratic order in the fields. It maps
solutions of the 10d fields equations to solutions of the 5d field equations,

(0= m3)¥ = Ag2a(S%)*. (4.11)
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The coefficients w(v), Jy22, Ly22 and lyo are given in table 1. We include on the r.h.s. only
the terms quadratic in S? because these are the terms that are relevant for us. We note
however that all quadratic terms (and cubic scalar couplings [R7]) have been determined
in the literature [P6—Pg]. The results in table 1 are in agreement with the results in these
papers. The field equations can be integrated to a 5d action. and the constants w(v) have
been chosen such that the overall normalization agrees with the one in g, {

N? 1 1
Seq = 9.3 dPrvVG (ZR + 5@#’/8”\1/8,,\1! + V(\If)) . (4.12)
T

Using the quadratic 10-dimensional supergravity action computed in [26, PJ] one finds that

8k(k — 1)(k+2)z(k wn (K

w(s’) :\/ ( (/<:)(+1J; )2( )’ w(gw) = % (4.13)
w(t') = \/ BE+2)(k + 4)(k +5)=(k)
(k+3) :

From table 1 we see that the only non-zero cubic term in the potential (that is also quadratic
in S2) is the cubic self coupling of S? and its coefficient, —4/3v/6, precisely agrees with
the corresponding coupling in 5d gauged supergravity (after matching sign conventions),
compare with (2.6) of [J.

It is important to note that the transformation ([.10) gives an explicit map between
solutions of the ten dimensional equation and solutions of the five dimensional equation and
vice versa, i.e. any solution of the five dimensional theory specified by the action (f.13) can
be uplifted to a ten dimensional solution. We emphasize that this map is valid irrespectively
of whether there is a consistent truncation since we keep all KK modes.

4.2.2 Tensor fields

Let us consider first the graviton. The quadratic correction to the gravitational equation
is obtained in appendix [J:

1
12

16

2
(Lg +4)h,, = <—§DquDU§2D,,DPD"§2 - E(DﬂDy17,,521)/’,§2 + D,D,s*D,Dr3%)

364 8 512
+7DM§2DW§2 + 9% <—§DPDU§2DPDU§2 +20D,5°D,8* — 732» . (4.14)

where Lg is the linearized Einstein operator () This equation contains higher deriva-
tive interactions. Just as in the case of scalars one can remove them by considering the
following transformation

1 /2 . . 10 . . 10, 32 .
G = h?w kD) <§DHDP(92D,,D,,82 -y QDHDVSQ + <§(D52)2 — 5(52)2> gZV )
(4.15)

as can be verified using (C.21]). In terms of these variables the field equation becomes

R[] =2 (TW - éGMVT(;’) (4.16)
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where I, is the Ricci tensor of G, and
1
Ty = 0,5%0,5% — G, (5(852)2 + V(52)> . (4.17)

The equation ([.1) is indeed the field equation for G, derived from (f.19) and T}, is the
corresponding matter stress energy tensor, where keeping with our approximations we only
retain terms quadratic in S2.

Now let us briefly describe the equations determining the KK gravitons. The traceless
part of the ten-dimensional field is given by

LT I 1 2 I

where all fields are the appropriate combinations which are gauge invariant to quadratic
order. QS(I:W) is transversal but 1%}, is not; indeed its defining equation is

DFDYY}, = Z1s], (4.19)

where Z11[s] is quadratic in the field s? and is determined by the quadratic corrections to
the trace of the Einstein equation in the AdS directions. The equation for the transversal

field is then

(O 42— k(k+4)(,, = Lp +8+k(k+ D), + 20, (4.20)

(2L + 8+ k(k + )0,

where Z (I 1
w

Einstein equation. 1/)((

,) 1s again quadratic in the field s? and follows from the corrections to the (uv)
t)]l
pv)
to six derivatives. We have verified that that the right hand side of the equation can be

is a transversal field which is quadratic in s and contains up

written in the latter form; this follows from the detailed structure of Z (I:W) and 1/1{5,. It is
then immediately manifest that if one removes the higher derivative terms in the equation
by defining the five dimensional field as @f}u = ‘%lw) — 1/18{)1 then this five dimensional field
satisfies the free field equation. This is in agreement with the result of 27 which found
the corresponding cubic coupling to vanish and implies that the five-dimensional field must
vanish to the order to which we work. As we discuss later, there is no physical content in
these fields (to the order to which we work), so we suppress explicit details of the (rather

complicated) KK reduction map.

5. Holographic 1-point functions

5.1 Generalities

The KK reduction discussed in the previous sections provides an explicit map between ten
dimensional solutions and five dimensional solutions as well as an associated five dimen-
sional action for gravity coupled to massless and massive KK modes. If one would consider
this problem in full generality the resulting action would involve an infinity of fields. For

,16,



determining the holographic 1-point functions, however, we are only interested in the near
boundary behavior of the solutions (as is reviewed below). The near boundary expansion
effectively decouples all but a finite number of fields, the number of which depends on
the dimension of the operator whose 1-point function one is computing; the higher the
dimension, the greater the number of fields switched on.

Starting from a five dimensional action there is a well developed method for comput-
ing holographic 1-point functions, namely holographic renormalization [[i, [, see [[]] for
a review. Recall that the basic formula expressing the AdS/CFT correspondence [B, f
relates the on-shell supergravity action with prescribed boundary conditions for all fields
to the generating functional of QFT correlators with the boundary fields playing the role

of sources,*

<exp (—SQFT[G(O)] — /d4.%' G(O)O(Z’)‘I)(O)(m')> = eXp(—SSG'[G(O),(I)(O)]) (5.1)

where G(g), ®(g) are the fields parameterizing the boundary values of the bulk metric G
and of other bulk fields denoted collecting by ®.

Naively, both sides of this relation diverge: the Lh.s. suffers from (the well known QFT)
UV divergences and the r.h.s. suffers from IR divergences (due to the infinite volume of the
spacetime). The divergences on the Lh.s may be dealt with by standard renormalization.
The infinities on the r.h.s. are dealt by holographic renormalization. Namely, one adds a
number of boundary counterterms that cancel all possible infinities that can arise in the
on-shell action. Holographic 1-point functions in the presence of sources are then obtained
by computing in full generality the first variation of the renormalized on-shell supergravity
action. This leads to relations between the 1-point functions and certain coefficients in the
near-boundary expansion of the bulk fields. This relation effectively replaces (p.1]) since
higher point functions can be computing by further differentiating the 1-point functions
w.r.t. sources.

The near-boundary expansion of the bulk metric G, and scalar field ®F where k is
the dimension of the dual operator, take the form

dz? 1 i
ds3 = =t (G0yij (@) + 2°Gayi; (@) + 2 (G ayij () + log 2°hayij (x))) da'da?;

2(z,2) = 2° <10g 2202 (z) + B (2) +> :
O (x,2) = PR (@) 4+ 2By _gy(2) 4, E>2 (5.2)

In these expressions the boundary fields G ) @%0), <1>](‘“0) parametrize the Dirichlet bound-

ij
ary conditions and are also the field theory sources for the QFT stress energy tensor and
operators of dimension 2 and k, respectively. The near-boundary analysis determines all

coeflicients in these expansions except the ones corresponding to the normalizable modes,

namely G 4);;, ‘f? <I>l(“2k7 ne These are related to 1-point functions, as we review below.

0)’

4We work with Euclidean signature.
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5.1.1 Radial Hamiltonian formalism

The structure of the 1-point functions is most transparent in the radial Hamiltonian for-
malism [, [[0] (see [[J—[L5] for earlier work). So before giving the explicit relation between
the 1-point functions and the coefficients of the asymptotic solutions we digress to explain
this relation. Let us define a radial canonical momentum for each field as

oL
= 5.3
where L is the Lagrangian and prime denotes differential w.r.t. r = —logz. A covariant

version of the near boundary expansion in (p.2) is provided by the expansion of momenta

in eigenfunctions of the dilatation operator,

op = /Z dlx <2%J(5 Z (k—4) (I)k5c(15)k‘> = —z%(l + O(2)), (5.4)

where ~;; is the induced metric at the regulating surface z = e. The last equality follows
from the leading asymptotics in (5.3). The near boundary expansion (5.9) now translates

into the following expansions

mj(x,€) = V(mo)y + - T + T log e + - );
7k (x,€) = \/ﬁ(ﬂ'&_k) +--- 4 ﬂ'fk) + 7}/(%19) loge? +---), k>2 (5.5)

where 7r§ and 7* are the radial momenta for the bulk metric and the scalar field ®*,

respectively, and each term in this expansion transforms as indicated by its index
5D7T(n) = —7”L7T(n), (5.6)

except for 7T(4)§-, 77(22),77&) which transform inhomogeneously, with the inhomogeneous term

being equal to minus two times the coefficient of the logarithmic term, namely
Opmuy; = —4mw) — 2w, Opmiy = —kmy — 27, (5.7)

One advantage of the momenta expansion (b.5) over the near boundary expansion of the
bulk fields (5.9) is that the momentum coefficients T(n)5» é“n) are covariant w.r.t. 4d diffeo-
morphisms that respect the regulating hypersurface z = € whereas the coefficients in (f.9)
are not.

The coefficients in the momentum expansions can be obtained by inserting the expan-
sions in Hamilton’s equations. This leads to a number of equations obtained by collecting
all terms with the same weight. One then solves these equations iteratively and each of
them algebraically determines one of the coefficients in the expansion in terms of coeffi-
cients with lower weight. This determines all coefficients except 71(4); and Wé“k), just as the
asymptotic analysis of the bulk equations determines all coefficients in (5.2) except for the
normalizable modes.

The renormalized 1-point functions are now simply given by the coefficient of the right

dimension
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Following [[[§] one can show that there is a one to one correspondence between the mo-
mentum coefficients and the coefficients in (5.9). In particular,

N2 /- N2
(o) = o2 (2¢<o>) My = or2 ((2k — 4)¢(2—4) + lower) (5.9)

where the factor N2/27? is due to the overall factor in (f.19) and “lower” indicates terms
with index less than (2k — 4). These terms are local functions of the sources so they are
not important in computation of n-point functions for n > 1 (they lead to contact terms).
They are important in the computation of vevs in cases where the solution describes a
deformation flow [}, R0]. The specific example we discuss in this paper however is a vev
flow so we need not specify them.

5.2 5d supergravity fields

The part of the 5d action involving the metric and the field S? is same as the sector of
gauged supergravity analyzed in [§, [} (where S? was called ®) (see also [, [[]). Thus,
the results for the 1-point functions carry over unchanged. The result for (O?) is as given

above N2
(0% = = (25(20)) , (5.10)
and for the stress energy tensor
N? L &0 1 2 2
<Tz]> = ﬁ G(4)ij + gS(O)G(O)z] + g[TI“ G(Q) — (TI‘ G(g)) ]G(O)ij (5.11)
= 5(G@))i + 3G Tr Gy + Shay + { 3570) = S(0) ) SioyGooyis- ) -

5.3 KK modes

We now move to the one point functions of the other fields S4, 56,79 72,79, @%t). From
the last row of table 1 we see that the cubic couplings (relevant for us) vanish for all
of them so to the order to which we are working their field equations are just free field
equations. One would therefore naively conclude that the one-point functions are simply
given by (b.§)-(B.9). It turns out however that this is not true and there is an additional
subtlety.

The 1-point functions (p.§) were derived starting from a 5d action but in principle one
should really evaluate on-shell the 10d action. In the majority of cases this distinction
does not make any difference in practice, but there is a distinguished class of additional
finite (non-local) boundary terms that one obtains from reducing the 10d action. These
boundary terms are relevant for the computation of extremal correlators, namely n-point
functions of 1/2 BPS operators whose dimensions are {kj=ks+-- -+ ky, ko, ..., k,}. These
correlators are special in that they factorize into a product of 2-point functions.

The bulk couplings associated with all extremal 3-point functions were shown to be
zero in [R§] (a result we reproduced here for the coupling (52)254, see table 1). The 3-point
functions of the corresponding operators however are non-zero. It was shown in 3] in a
specific example involving the dilaton and the ¢-field that even though the bulk contribution
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to the three point function vanishes, there are additional boundary contributions which
lead to the correct 3-point function. By supersymmetry, the same should apply to all other
extremal 3-point functions. It was further conjectured that these results generalize to all
extremal n-point correlators. We refer to [B(] for further discussion and references on this
issue.

These results should follow from holographic renormalization by starting from the 10d
action, requiring that the variational problem is well posed and then KK reducing the
action with boundary terms. Recall that in the 5d context all boundary terms, including
counterterms, are uniquely fixed by the requirement that the variational problem is well
posed with chosen boundary conditions [B1]]. We leave a detailed derivation for future work.
Here we will instead use known results in order to fix the form of the 1-point functions.

Covariance under 4d diffeomorphisms implies that the 1-point function should be a
function of the coefficients in the momentum expansion (p.§). Furthermore the dimensions
should match between the 1.h.s. and the r.h.s. and the result for extremal n-point functions
should factorize into products of 2-point functions. This uniquely fixes the form of the
1-point functions. For concreteness we discuss the 1-point functions of O* and O° but the
generalization is obvious. Thus

(0) = w4y + asan(nly))? (5.12)
(O°) = mls) + apaam(yy (o) + a633((3))? + acana(mly))’ (5.13)

where a409, ag42, G633, G202 are numerical constants that we show how to compute in the
next subsection. Let us explain the structure of these 1-point functions. The leading term
Wé“k) is the term discussed above in (F.§). Observe that the non-linear terms are possible
only when the weight of the operator in l.h.s. can be written as a sum of weights of other
operators, which is also the condition for extremal correlators. One could also consider
adding terms involving 7% with n < k. Such terms can only possibly contribute to the
coincident limit of correlators (since 7% with n < k is local in the sources) or to vevs of
solutions describing deformation flows, so they are not important for our analysis.

5.4 Extremal couplings

In this subsection we will compute the coefficients ag90, agoos. The coefficients agzg and
agqo could be computed in similar way but we will not need their explicit values in this
paper. To obtain the coefficients a499, agaoo we compute the 3- and 4-point functions
starting from (p.12) and then fix the coefficients so that the numerical factors agree with
the the computation in free field theory. Note that the dependence on the coordinates is
guaranteed to be correct by the structure of (5.12) (as should become clear shortly).

We start with the computation of a499. By definition

k(x Oy ()
(O (@)0(y)) = — LT @) Mty (5.14)
5@5?0) (y) o = ¢](€0) (y) oy =0
4 2 2 _ 52<O4(9€1)>
(O (21)O*(22) 0% (23)) = 537, (220567 (73] o (5.15)
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5277?4) (1) 57T(22) (1) 577(22) (1)
= + 2(1422 9 9
5¢%0) ($2)5¢%0) (w3) 5¢(0) (x2) 5¢(0) (w3)
4

To evaluate these expressions we need to know W’(’“k) to linear order in (]ﬁ’(“o) and T to

2
$oy=0

quadratic order in ¢%0). Recall that Wé“k) is proportional to the vev part of the solution
(see (F-9)), so in order to compute 2- and 3-point functions we need to solve bulk equations
expanded around the background solution (which in the current context is just AdS) to
linear and quadratic order, respectively, and then extract the coefficient of order z*. For
extremal couplings the cubic coupling to S? is zero, A\gao = 0, so the bulk equation for S4
continues to be 0S4 = 0 and the solution does not acquire dependence on gb%o) so the second

(4)

variation of 7w, ’ w.r.t. gb%o) is zero.5 Therefore only the last term in (f.15) contributes and

using (p.14) we see that the extremal 3-point function is a product of 2-point functions
(O (21) 0% (22) 0% (w3)) = 2a422({ O (1) O (w2)){O* (1) O (w3)) (5.16)

Since this 3-point function does not renormalize one can compute it via free fields, which
allows us to fix the proportionality constant a4o0.

In the large N limit (i.e. dropping non-planar contributions) the free field computations
for the 2- and (extremal) 3-point functions yield

k
Ok (z)OF = NN , 5.17
(00 ) = NN (5.17)

Ak krkaks (Choy iy Ol

k1 ko ks o 1h2Rh3 k1Y ko Vs
<o (21)OF2 (25)O (x3)>—J\/’k1/\/’k2Nk3—(2w)2kl e T —— (5.18)

where the operators are defined in (R.3) and in the extremal 3-point function k; = ko + k3.
The normalization factors A} are chosen such that the 2-point function of (F.17) agrees
with the supergravity results; in particular given that for k # 2 the supergravity result is

2 _ LIy
_N? [(T(k+1) (2k—4) § (519)
27'('2 7T2F(]C — 2) k ‘x — y‘Qk

(01 (2)0"(y))
whilst for k£ = 2 the result is

(02()0 () = L <L> . (5.20)

S\ eyt

The normalizations are thus

N 282 D(k+1)(2k —4)
Ny = Ni%

5In the non-extremal case, the bulk equation reads [0S* = A\mS'S™ and the r.h.s. induces a correction

to S* proportional to z* %mcf)(mo)) so the second variation of ﬂ',gk) w.r.t. qbl(o) and qb(mo) is non-zero yielding

the 3-point function, see [[L7] for a detailed discussion.
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Inserting (5.17) in (f.16) and comparing with (f.1§) leads to

2N 3N,
ag2o = NQ; (C1C2C3) = \/BNZL;N’ (5.22)

where in the last equality we have used the explicit value of the triple overlap (C4C5C5).
This can be obtained from the formulae (B:13)-(B.14) by computing the overlap of Y (40)
and (Y (29)2 using the explicit expressions (B.9).

The computation of the coupling agoos is analogous. The bulk quartic coupling was
shown to be zero in [BJ] and thus the only contribution to the extremal 4-point function

comes from the last term in (f.13)

(O5(21) 02 (20) 0% (23) 0% (4)) = 6agaazn H (21)O0%(xp,)) (5.23)
k=2

The free field result for extremal 4-point functions (in the planar limit) is

(OM (1) OF (29) OF3 (w3) OF4 (w4)) =

! k1k2k3k4(ClekQCk3(]k4>
- H )TN (9 \2k 2ks 2k; e (5:24)
i (2m)2R1 |y — 20| |21 — 23] |21 — 24
where k1 = ko + k3 + k4, which fixes the proportionality constant to be
No yrapopopey . No 3V3
a ceCc=Cc=C*) = — 5.25
6222 N23N < > N23N 5\/7 ( )
where (C*C?C?0?) was computed using the following integral formula valid for extremal
overlaps
3
yhylylsyl — u chelohols 5.26
/ (k1 + 1) (k1 +2)2k1_1< ) (5.26)

along with the explicit forms of the spherical harmonics.

5.4.1 Summary

To summarize we have shown that 1-point functions of the operators ©*, O aref
3N,
0% = ¢, + Z0)? 5.27
() = wly + e ) (5-27)

Ns 3V3
(0% = 7T(66) + a64277?4)77(22) + a633(77(3 )2+ N3N 5\/—( )

Notice that although we have used the 3- and 4-point functions on AdS to fix the couplings
a422 and aga22, these 1-point functions hold for any solution of the bulk field equations.
Notice also that these 1-point functions are compatible with the (conjectured) structure

of near-extremal correlators. Recall that near-extremal correlators have weights k; =

5The non-linear terms in these relations may have the interpretation as operator mixing between single
trace and multi-trace operators.
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ko + - kyp —2m with 0 < m < n — 2. These correlators are conjectured (and checked
through order g?) to be sums of terms each of which factors into products of lower-point
correlators [BJ]. When m = 1 the correlator is called next-to-extremal and factorizes into
a 3-point function and (n—2) 2-point functions. One can easily check that this structure
emerges from (f.27) after using the fact that the bulk coupling vanishes. (To be more
precise, the bulk coupling is known to vanish up to quartic order and is conjectured to
vanish to all orders). For example the next-to-extremal correlator (0*02020?) is given by

(O (£0)0Xa2) 0% () O%(21)) = 201 | —y ) AN
5@5%0) (562)5@5%0) (563) 5@5%0) (;c4)
= 2a499 (O} (1) 0% (22) O (23)) (O (1) O (24)) + - --) (5.28)

where the dots indicate permutation in xs, x3, x4.

6. Coulomb branch solution

6.1 Continuous distributions of D3 branes

It is intuitively clear that the Coulomb branch of N/ = 4 SYM should be described by
multi-center D3 brane solutions. Solutions describing N separated D3 branes solve the field
equations that follow from the bulk supergravity action coupled to the worldvolume action
of N (separated) D3-branes. It will be important for us to keep track of all normalizations
factors so we set the stage by first reviewing some standard material. The bulk action is
normalized as

1
T 2k2

s / MO/ g(R+-), 22 = (2n)(o)'g?, (6.1)

and the worldvolume theory is given by

N
Ssource = Z/dlox/d4JaEDBl(0a)5(xM - XM(O-G))a (62)
a=1

where the Lagrangian for each D-brane is normalized as

-
(2m)3(a’)?gs’

where v;; = 0; X M 0; X Ngurn is the induced metric and derivatives are with respect to the

ﬁDB[(O'a) :Tg(\/det(*y+27ra’F)+---), T3 = (6.3)

worldvolume coordinates ot. The D3-brane solutions take the form
ds* = H(xJ_)*l/deﬁ + H(z, ) ?dz? (6.4)
1
F = J(dH ™" Awy =+, d, H) (6.5)

where w| is the volume form in the worldvolume directions, %, and d | refer to the Hodge
star and exterior derivative in the flat overall transverse directions and H is a harmonic

function. We are interested in the case of a uniform distribution of N D3-branes on a two
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dimensional disc of radius [. Approximating the distribution as a continuum distribution
with density

N
—0
wl

where r is the radial coordinate in the plane of the distribution, the solution for the

p(r) = —50(1° =%, (6.6)

harmonic function is (see for example [34, Bg)

LA 1 4 2_2 2
H=— [ & —— = s Y -1 (6.7)
w2 Sy (&, —rh)? 2097 \ /(r2 + 12 + y2)2 — 4r212

where L* = 47gsN(o/)?, i are coordinates in the four dimensional space transverse to the
distribution of the D3 branes and 7 lies in the plane of the distribution.

A change of coordinates
y = 7sind, r=+12+72cosf (6.8)

brings the solution into the form

—2 L4d—2 L2 _ _ _
ds? — ?“L_§ <dwﬁ 4 #) + z (¢2d6* + sin® 0dQ* + A° cos? fd¢?) (6.9)
2

_ 1 _
F=L" <F3(1 + 2% sin® f)dr + —1°7* sin 29d9> Aw)|
r

4
+L*sin® 0 cos éi M (1 4+ ﬁ sin 0)df — ﬁ sin 20d7 | A dQ3 A do
¢t 272 473 s

where
12 12

2 . 245 6
=1+ —sin“ 0 N=1+—= 6.10
¢ + 5 sin” g, + 3 (6.10)
Now note that if we rescale the four dimensional coordinates as
z) — Lz (6.11)

the metric has an overall L? factor whilst the five form has an overall L* factor. These
factors combined with the prefactor of (f.1]) result in the overall normalization factor of
the five dimensional action ({f.19); we can therefore suppress the L prefactors in the rest
of this section.

6.2 Asymptotic expansion

We now wish to expand the metric near the boundary. A systematic way to do this is
to use Gaussian normal coordinates centered at the boundary of AdSs and then expand
all fields using the radial coordinate as a small parameter. This radial axial gauge can be
reached by the charge of coordinates

= 2(1 + a12* + azz* + 0[2]°)

SR

= 0 +b122 + bzt + O[2)° (6.12)
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where

1 1
a1 = —= (2 —sin?6), as = —=cos?O(5 + 11 cos 26)

23 28
by = ! Osinf, by = D (—si 0 + sin 46
1 = ggcosfsind, by = ?(—51n2 + sin 46) (6.13)

The metric then takes the form

dz? 12

= Tl

+d0*(1 + 122 4 Bozt) + sin? 0dQ3(1 + 7127 + 7221) + cos? 0dp? (1 + 6122 + d227)

ds® = 14+ o122 + a224)dxﬁ (6.14)

where the coefficients a1, as etc. depend on the angular coordinate #. By scaling
z— zl (6.15)

the leading metric becomes a unit radius AdSs x S and factors of [ appear in the fluc-
tuations. These factors can be easily reinstated in the final formulae so for simplicity we
set I = 1 for now. Using the explicit form of spherical harmonics in (B.9) and (B.1§) the
deviation of the metric from AdSs x S can be rewritten as in (B.4) with the following
coefficients (valid up to terms of order z%),

7 1 - 123 - 35
ig(2) = 3_2Z25ij’ hij(2) = V12 <—— + —22> 8ij,  hij(z) = —WZQ(S@']',

. 3 1 1 5
K2 = 1557 9n(2) = V12 (ng —~ ﬁz“) L ly(2) = 3—\/2_274 (6.16)

Similarly, from the expansion of the five form we obtain

VB, BVB

b2 = ———22 1
O R A T (6.17)
- _ﬂgz‘l

(s) 640

There are several comments in order here. Firstly, the solution is not in the de Donder
gauge, as one can see from the fact that the scalar fields qﬁ%s) and qﬁ‘(ls) are non-zero. Sec-
ondly, the expansion contains many more non-zero fields that one would naively expect. In
particular, there are non-zero KK gravitons, ﬁfj and ﬁfj (which are dual to the operators
of the schematic form, Tr Fy F_ X for k = 2,4 (see table 7 of [B(])), scalar field (ﬁ%t) (that
couples to a tensor harmonic and is dual to the operator Tr A\AAAX?2) scalar fields 9, ¢2, t
(that are dual to Tr F2F2 X for k = 0,2,4) and scalar fields s2,s* (that are dual to the
operators Tr X*, k = 2,4). However, we know that in the CB flow only the operators
Tr X% get a vev. So what is the meaning of the values of the additional fields?

To answer this question we should apply our map to obtain the gauge invariant five

dimensional fields. As a first step we need to construct gauge invariant combinations.
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Using (B-19)-(B-20)-(B-29) and (B.24) and the definition of t*, s* we get
L 2 V3 4 t4:_3\/54

0= — =Y 6.18
128° 160~ 160 (6.18)

s V3., V3, s 315, 5

S = TZ — ﬁz 5 S = Wz s ¢(t) — 0 (619)

The five-dimensional fields are obtained from these by the KK reduction formula (4.1Q)
yielding

T°=T>=T*=d%, =0 s2— L <z2 — 1z4> St =0. (6.20)

(®) ’ V6 6 ’

We thus see that all additional scalar fields are equal to zero! The same is also true for the
KK gravitons but we do not give the details here. We would like to emphasize, however,
that a non-zero answer for these fields would not be a problem for the duality. The only
cases where it would problematic is if the non-zero values correspond to a source or a vev.
Note that all additional fields correspond to irrelevant operators and a non-zero source
would not be consistent with AdS asymptotics. Furthermore, the corresponding vev part
would appear at much higher power of z. To understand the (possibly non-zero) values
note that the 5d equations are schematically of the form

(O+m3)® = Ap22(S%)? + - (6.21)

2 s* and the metric that are turned on.

where ® denotes collectively the fields other than s
Any non-zero value for these fields would simply be induced by interaction terms — such
non-zero fields just reflect the non-linear structure of gravity. In our case, it turns out that
the couplings Agoo are zero, so the fields ® had to be zero to this order.

k are the ones which

The fields that are important to understand at each order z
correspond to operators whose vevs can receive a contribution from the asymptotics at this
order. In our case, these are the fields S2, S* and the metric G . The solution we discuss
can be reduced to five dimensions using a “consistent truncation ansatz” (see [B4, Bd]).
The reduced model involves the metric and S?. The expression for S? in (p.2() exactly
agrees with the asymptotic expansion of the 5d solution, compare with (5.2) of [ (and use
® = —S?%). We will return to the metric momentarily.

The expression for $* in (.20) is new information. The fact that it is zero comes out
of non-trivial cancellations and at first sight is surprising since the vev of the dual operator
is non-zero. From table 1 we see that the coupling of S* to (52)? is zero; this is an example
of an extremal coupling

0s* =o. (6.22)

In this case however the vanishing of the coupling only explains the absence of logarithmic
terms in the asymptotic expansion of S*. Logarithmic terms in the asymptotic expansion
are related to conformal anomalies. Such conformal anomalies due to 3-point functions
are possible when the couplings are extremal, see section 2 of [B7]. They are however

proportional to the sources so they evaluate to zero on the Coulomb branch, in agreement
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with the absence of logarithmic terms in the asymptotic expansion. In other words, the
vanishing of the extremal couplings is required by the AdS/CFT correspondence and the
structure of the conformal anomaly. Equation (p.29) allows for a homogeneous solution
that is proportional to z* and one might have anticipated that the homogeneous term
would be non-zero, since the vev of the dual operator is non-zero. We will resolve this issue
in the next subsection.

We now return to the spacetime metric. We see from (p.16) that the metric is corrected
at the normalizable mode order. More precisely the combination that diagonalizes the field

equations to linear order is h; (ho + lﬂ'ogzy) and in our explicit solution this is given by
1 7
n., = ﬂz2, hi; = %z%lj. (6.23)

Naively this would imply that the dual stress energy tensor is non-zero. The solution,
however, is supersymmetric so the vev of the stress energy tensor must be equal to zero.
(We discussed this point earlier in the introduction.) As mentioned above the 10d solution
can be reduced to five dimensions using a consistent truncation ansatz. The asymptotics
of the 5d metric were given in the introduction in ([.3). As mentioned there, despite the
non-zero coefficient of the 2% term, the vev of T;j is zero because of additional contributions
to the 1-point function. This does not immediately resolve the issue however because the
metric in (6.23) does not agree with the metric in ([L3) (when both written in the same
gauge)!

The issue here is that h;w is not the correct 5d metric. Firstly, h;w does not transform
correctly, i.e. as a five-dimensional metric. As derived in section the combination
which transforms properly is h;w n (B.30). Evaluating this formula for the case at hand
gives

19
0 _ _ 0 _ % .25..
h, = 482 hw 1922' 1)

The five-dimensional metric is now obtained by using the non-linear KK map in (4.17).

(6.24)

The resulting five-dimensional metric (including the background term) is given by

13 dz2 1 19
ds* = (1 - —z* —(1— —=22*) daf 6.25
° ( 144 ) = +z2< 576~ ) “II° (6.25)
This metric is not in the same gauge as the metric in ([[.J). To correct for that we change
coordinates as z = 2(1 + 11252%) and the metric becomes
, d#? 1 T4\, -

which precisely agrees with ([.J) (after reinstating the factors of 1)! Note that this coordi-
nate change does not affect any other fields to the order we work to.

6.3 Comparison with field theory

Given the asymptotic expansions of the five dimensional fields we can now read off the
vevs for the corresponding corresponding operators. These must agree with the field theory
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results discussed in section f] because, as we explained there, N’ = 4 supersymmetry forbids
any quantum corrections, so this computation is a test of the gravity/gauge theory duality.

Using the formula (p.1() we see that the vev of the A = 2 operator is given in terms
of the normalizable mode S2(z) of the supergravity field S? as

N2
V62

where we use the explicit result for our solution 5‘8 = 1/1/6 and we reinstated the factors

N2
(O%)sucra = ﬁ(

252(x)) = 12, (6.27)

of 1. This 1-point function was previously derived in [§]. To compare with the field theory
expression (set n = 1 in (R.11)),

_Nad?

(0%) o = o (6.28)

we need to normalize operators and the action in the same way. The normalization of the
operators was given in (§.21). Expanding the source action (p.2) to leading order in o/ and
taking into account the rescaling of the R*! coordinates in (.11]) the kinetic term for the
scalar fields is normalized as

T3L4/d4a(%(8X)2) _ (2—;> i/d‘la (%(8X)2> . (6.29)

On the other hand, the field theory computation was done with canonically normalized
scalars. It follows that the radius a of the distribution in field theory (with canonically
normalized scalars) is related to the radius ! of distribution of D3 branes by

a=1/->1. (6.30)

Using the normalization N3 in (b.21]) and (p.30) we find precise agreement between the
supergravity and field theory computations!

Next consider the A = 4 operator. Given the result of the previous subsection that the
normalizable mode of the corresponding supergravity field vanishes, the vev (5.27) receives
contributions only from the term quadratic in 77(22):

4\ 3N4 212 N4CL4
(0%) = TNgN“O V=S (6.31)

where we used (b.§) and (6.2§). This is precisely the correct field theory vev!
Now let us consider the A = 6 operator. The vanishing of 7'('214) and 7'("?3) means that in

this case the formula (.27) reduces to just

Ns 3\/§
6 6 2\\3
pr— . 2
The latter of these terms evaluates to
1 [ Ngab 1
- N)=={(0% 6.33
5 <23\/7 ) 5 < >QFT (6.33)
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Given that in the A = 4 case, there was no contribution to the vev from the bulk super-
gravity field one might have wondered whether the same was true in the A = 6 case, and
indicative of a more general result. However, (f.3J) only accounts for one fifth of the field
theory result, and there must therefore be an additional contribution from the supergravity
field dual to O%. To verify this one would have to extend our supergravity computations
to one order higher, including quartic couplings, to extract the normalizable mode of the
supergravity field S®. Note that the structure of the 1-point functions is such that the
terms non-linear in momenta always give a contribution that is proportional to the QFT
vev. It is a curious fact that up to at least O'0 (which is as far as we explicitly checked) the
proportionality coefficient is a rational number, despite the fact that intermediate formulae
contain square roots.

The vev of the stress energy tensor was already computed in [§ (using (5.11)) and,
as noted earlier, was found to be zero, in agreement with the fact that the solution is
supersymmetric. We have thus succeeded in showing that the vevs of all operators up to
dimension A = 4 are correctly reproduced by supergravity!

7. Conclusions

We have developed in this paper a systematic method for constructing the holographic
map between the asymptotics of a ten dimensional solution and the 1-point functions of
the dual QFT. Our main goal was to develop an unambiguous method that can, at least
in principle, always be carried out. The main elements entering our construction are (i)
the development of a gauge invariant version of KK reduction; (ii) construction of the KK
map to non-linear order and (iii) application of holographic renormalization, including a
proper treatment of extremal couplings.

One-point functions can be derived rigorously starting from a 5d action via holographic
renormalization. Our strategy for obtaining the 1-point functions dual to general KK fields
was thus to reduce the field equations over the compact manifold and then use holographic
renormalization. Recall that holographic renormalization relates the vevs to coefficients in
the asymptotic expansion of the 5d solution. So to compute the vevs starting from a 10d
solution one has to understand quantitatively how the solution is reduced to five dimensions
at the non-linear level. The point is that non-linear terms can give a contribution at
exactly the same order (in a radial expansion) as linear terms. However, 1-point functions
of operators of a given dimension can only receive contribution from non-linear terms
involving fields dual to operators of lower dimension.

The KK reduction map is constructed by first computing the fluctuation equations
around AdSs x S° to a certain order in the fluctuation fields and then finding the field
transformation that removes the higher derivative terms from these equations. This field
transformation is the KK reduction map (to this order) and the resulting field equations
are the 5d field equations.

We would like to contrast our procedure with the procedure of “consistent truncua-
tion”. In the latter one only keeps certain (typically low lying) modes in the KK reduction
and then has to prove that the dynamics of these modes decouple from the rest. The exis-
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tence of such a truncation is highly non-trivial and only holds for special compactifications.
In the AdS/CFT correspondence consistent truncation maps to the closure of a subset of
operators of the CFT under OPEs. In our discussion we keep all KK modes, so there is
never an issue of consistency. We are however interested only in the asymptotic expansion
of the resulting field equations. This effectively decouples all but a finite number of fields
at each order in the expansion. In particular, for computing the vev of an operator of a
given dimension only the fields dual to operators of the same or lower dimensions need to
be kept.

The need for a gauge invariant KK reduction stems from the fact that the KK reduction
is most efficiently done in a specific gauge, the de Donder gauge, but in general explicit
solutions will not be - and many known interesting solutions are not - in this gauge.
Reaching this gauge would require finding a transformation that in general is not easy
to obtain (at the non-linear level). Thus instead of gauge fixing the diffeomorphisms we
construct gauge invariant variables. This allows us to immediately lift results derived in
one gauge to another gauge: one can first obtain the KK map in the de Donder gauge
and then relax the gauge condition by simply replacing all fields by their gauge invariant
generalization. The construction of the gauge invariant variables can be done systematically
in the number of fields and we have done so up to second order in the fields.

A final subtlety involves extremal couplings. Extremal correlators involve operators
with the dimension of one of them equal to the sum of the dimensions of all the others.
Such correlators are non-zero and are believed not to renormalize. A naive computation in
supergravity however would give zero because the corresponding bulk coupling vanishes.
It was argued in [PJ] that precisely in these cases there are additional boundary terms,
originating from the higher derivative terms in the fluctuation equations, that one should
take into account when evaluating the on-shell action and these yield the correct answer.
In holographic renormalization one effectively replaces the on-shell action by renormalized
1-point functions in the presence of sources. These 1-point functions are valid for any
solution of the field equations and higher n-point functions can be computed by further
differentiating w.r.t. sources. Additional boundary terms in the 5d action, beyond the ones
implied by the bulk 5d action via the variational problem, would manifest as additional
contributions to the renormalized 1-point functions. The form of the additional terms is
uniquely fixed by general principles. This leaves a few numerical coefficients to be deter-
mined and these can be easily computed by comparing the extremal correlators computed
in weakly coupled N'=4 SYM and in supergravity.

Combining these elements one obtains a well-defined holographic map. In our dis-
cussion we focused on solutions of IIB supergravity that involve only the metric and the
self-dual five-form and asymptote to AdSs x S° but the discussion readily generalizes to
include all other fields or more generally to any theory with solutions that asymptote to
AdS,, x X, for some m and any compact manifold X.

Let us summarize the steps involved in the construction of the map:

1. Expand the solution (using a radial coordinate z as a small parameter) up to certain
order and write the deviation from AdS,, x X in terms of harmonics of X.
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2. If the solution is not in the de Donder gauge, combine the fluctuations in gauge

invariant variables.

3. Use the KK map to obtain the asymptotic expansion of the corresponding lower

dimensional fields.

4. Insert the coefficients of the asymptotic expansion in the renormalized 1-point func-
tions to obtain the vevs.

The asymptotic expansion of the 10d solution in general will contain non-zero terms for
many coefficients. The only ones that carry physical information are the ones that have the
correct leading radial behavior to correspond to normalizable or non-normalizable modes.
The former give a contribution to the vev of the dual operator and the latter to the
coefficient of the deformation of the QFT Lagrangian by the dual operator. We should
note however that the remaining coefficients will generically contribute to vevs of higher
dimension operators via non-linear contributions to the holographic map.

The higher the dimension of the dual operator, the higher the order needed in the
gauge invariant variables and the KK map. So although this work solves the problem of
computing the vevs in principle, in practice the method becomes cumbersome to carry
out when sufficiently high dimension operators are involved (but since the procedure is
algorithmic one could in principle computerize it). In this paper we explicitly worked out
the map to the first non-trivial order. This is sufficient to compute vevs of operators up
to dimension 4 and thus covers all relevant and marginal operators in four dimensions. As
noted in the introduction, more efficient methods may be available when the solution has
special properties. In this paper we mainly aimed at settling the issue of principle in full
generality.

To illustrate the general procedure we analyzed a solution that corresponds to a partic-
ular point on the Coulomb branch of A/ =4 SYM. This is an interesting example because
the vevs are protected by supersymmetry and therefore the supergravity dual must repro-
duce them ezactly. The vevs corresponding to fields in gauged supergravity were previously
computed in [§, fi]. Here we computed in addition the vev of the operator of dimension
4 and exact agreement with the quantum field theory values was found! This constitutes
the first non-trivial quantitative test of gravity/gauge theory duality away from the fixed
point that involves a vev of an operator dual to a KK field.

In the discussion so far we focused on how to compute vevs starting from a given
10d solution. The (inverse of the) holographic map can be used to see how spacetime is
reconstructed from QFT data. In particular, we see from our discussion that the vevs of
operators dual to KK modes provide a harmonic resolution of the compact space. From a
more general viewpoint, notice that in the radial Hamiltonian formulation of holographic
renormalization the vevs are associated with the radial canonical momenta conjugate to
the sources. The holographic map therefore maps the field theory data to the phase space
of the gravitational theory. It follows that these data are sufficient to uniquely determine
the bulk solution, even though the explicit formulae only provide an asymptotic solution

up to a certain order.
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One could thus “holographically engineer” duals of interesting quantum field theories
by starting from the field theory vevs and using the holographic map. For this procedure
to yield a smooth geometry, the vevs should clearly be large compared to the string scale.
Even if this condition is satisfied, there is still no guarantee that a smooth geometry would
emerge. For instance, it is well known that a necessary condition for a smooth supergravity
dual is that the conformal anomaly of the theory at the UV fixed point should satisfy
¢ = a in the large N and X limit [[[I]. Let us also note that even if a given theory has a
smooth dual geometry, in practice it may not be easy to sum the asymptotic solution into
this smooth solution. New tools that capture global issues of the correspondence may be
needed to properly analyze this problem. It would be very interesting to explore this line
of thought further.

In many cases it is clear from the construction of the supergravity solution (with AdS
asymptotics) what the corresponding gauge theory dual is. For instance this is the case
if the solution is obtained via a near-horizon limit from another solution. Yet there are
many other cases where solutions with AdS asymptotics have been obtained by directly
solving the supergravity equations and there is no physical argument that would identify
the dual theory. The work presented here should be useful both in verifying the gauge
theory duals in cases where a proposed identification is available and also for extracting
the gauge theory dual in other cases.
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A. Harmonic expansion of the antisymmetric tensor

We expand the antisymmetric tensor as

Qoo (T,9) = 3 bl (2)Y 1 (1)
appal@,9) = S8 @V W) + B0, () DY (1)
Gwan(@,y) = > (b0, (@) Y00 (y) + 50, (2) DYy ()
e y) = 3205 (@)eanc®DaY (y) + 1 () D Vit (1))
Gapea(®,9) = 3 (1 (@)eanea® DY (4) + B (@)eard V2 (3) (A1)
Gauge transformations act on the 4-form as follows
dapnpq = 4DpenpQ) (A.2)

The antisymmetric tensor parameter has the following expansion

C,uup(xa y) = Z C,{Lll/p(x)yh (y) (A3)
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Cuva(@,y) = Y (€3, @Y () + ¢ty (@) DaY " (1)
Cuab(T:y) = Y (e, (@)Yl (v) + ¢y, (2) DY ()
Cabe(,y) = > (c(3) (@)eane™DaY . (y) + ¢t (2) Dia Yy (v)) (A4)

This implies the following gauge transformations for the fields,

I _ I 71 _ I 71 _ I
6bM1VPU - 4D[Mculpa]’ 6b(15));u/p - 3D[MC(15))Vp}’ 6b(;)uup - _CﬂlVP
71 I 71 ~I I
By = 2Py Py = 2Py + oy (A-5)
7Is Is 7ho _ Iio _ q.110 Is _ _ (Als Is
Bloyn = Puctayr Oy = Pucyy =3 00y = —(A7 =4)ef)

It follows that the following combinations are gauge invariant,

bpo = Oyipo +4D1b(L) 0 (A.6)
b(li)uw) - ~(Ii5))uw) B gDU‘B(Ii)Vp}
b = B+ 3D
biow = B+ (AT1_4)DM’)€3>
Indeed the field strength
fMNPsr = 5Dranprs (A7)

can be expressed in terms of these modes.
The gauge used in [R1],
DaaaMNp =0 (AS)

amounts to setting to zero

71 _ I gl g5
Voo = Yoy = bliyu = bo) = 0- (A.9)

Our normalizations are such that the gauge invariant variables evaluated in this gauge
agree with the parametrization in [21)].

B. Spherical harmonics

The defining equations for the spherical harmonics are
0,v" = Ayl A= —k(k+4), k=0,1,2,... (B.1)

O,V = Ay, A= (P +dk—1), k=1,2,...
0 Yh4 — Ah4y[14 A114 — —(k‘2 +4k‘ _ 2)’ E— 2’3,. B

v7 (ab) (ab)’
O,V = Aloylle, A0 — —(k 44k -2), k=1,2,...
D> = DY} = DY 8 = 0.
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Useful identities for the scalar harmonics include

AL
DD, DyY' =4 (1 + ?> DY (B.2)

Oy D DyY" = (10 + A") D, Dy Y'Y
0,D,Y" = (A +4)D, Y.
B.1 Spherical harmonics with SO(4) symmetry
We introduce the following coordinates on S°
ds® = db? + sin® 0dQ3 + cos® Hd¢?. (B.3)

The differential equation (B.I]) for the scalar harmonics is separable. Imposing SO(4)
symmetry implies that the spherical harmonics depend only on 6 and ¢. The general
solution can then be expressed in terms of a hypergeometric functions,

m

where c(;, ) is a normalization constant and the function yk (6) is given by
k m| 1 1 2

with 2 = cos@ (there are also a second solution with leading behavior z~!™! but this
solution does not reduces to a finite polynomial for any choice of the quantum numbers).
The hypergeometric function reduces to a finite polynomial when either the first or second
argument is zero or a negative integer. This leads to the following cases

(k=2l, m=2n), (k=21+1, m=2n+1) necl[-Ll,lez" (B.6)
with

Yan(@) = 2" Fa (=1 + [n],2 + 1+ [0, 1+ 2[n|; ) (B.7)

Yanir(x) = 2PN E(=1 + 0], 3+ 1+ [n|, 2 + 2|n|; 2?)

Particularly relevant for us here are harmonics that are also SO(2) symmetric which are

Y t m
Y(2l’0)(9,¢) _ 7 (2l)+ - <Z(_)m <7;> (l ‘i‘l N ;‘ 1) (cOS 0)2m> ) (B.8)
v 0

m=

given by

The lowest harmonics are therefore

Y20 — 2%/3(3 cos? 6 — 1), (B.9)
1
Y0 — _—_(10cos* 6 — 8cos? 0 + 1)
45 ’

1
Y60 — —_(35cos” 0 — 45cos? 0 + 15cos? 0 — 1)

8V7
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The overall normalization in (B.§) has been chosen so that the harmonics are normalized

as in [2d], i.e.

3
Yy = z(k)sh 72, k) = u B.10
/ (k) ) = G Dk 2) (8.10)
Recall that the scalar harmonics can be represented as
=Cfl (B.11)
where 27 are Cartesian coordinates on S° and C/ . is a totally symmetric traceless rank

11Tk
k tensor of SO(6). The normalization in (B.1() corresponds to delta function normalization

for the C!’s, i.e.
<Chcfz> CII 01211 R 511[2 (B12)

11t

For the scalar harmonics we use the following definitions:

/ DDy Y DDy Y'? = 2(k)q(k)5" "2

/Y11Y12Y13 = a(ky, ko, k3)(ClrCl2Cs) (B.13)

/YllDaYIQD“YIS = b(ky, ks, ks)(CTrC2CTs)

/D(“Db)YIIDaYI2DbYI3 = c(ky, ko, ks)(CTrCT2CT3)

/YhD(“Db)YIQDanYIS = d(ky, ks, ks)(CTrC2CB)

/ DDYY (2D, DY D (DY’ + D.Y2D.D( Dy Y'*) = e(ky, ko, k) (CT CT2CT5)
where

(B.14)

4 3 k1'kolks!

Q(k) - AI <4 + 5A1> ) a(k17k27k3) - 1 - Lx-9) 1] 2[ 3]

(52 + 2)!22 a1l0!lag!

and ¥ = ki + ko + k3, 011:%(]{52 + k3 — k1) etc. One can derive explicit formulae that
express b(ky, ko, ks), c(ki, ko, ks),d(k1, ke, k3),e(k1, ke, k3) in terms of a(ky, ke, ks) by use

partial integrations. Useful identities include:

d(ke, k1, ks) + c(k1, ko, k3) + /(f; )b(kQ,]Cl,]Cg)
b(k2, k1, ks) + b(ky, ko, ks) + A a(k, ko, ks) = 0
We further have
DpDg)Y§ = 2(1 —2cos20),  DDpYy = 1—52(2 + cos 20 — 5 cos 46). (B.15)
For the tensor harmonics we use the following definitions

/ Y DY DY = ¢ (6", ko, ks); (B.16)

/ Y (2D, DY D(.DyY" + D.Y2D.D(, Dy Y's) = eV (k) Ky, k3).
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The normalization of the spherical harmonic is defined as
/Yafblyf2 = 2 (k1)1 T2 (B.17)
The only tensor harmonic of relevance here is
Y€(92,0) = -3, YQE;’O) = cos? (=3 + 15 cos? h), Yﬁ& =sin?A(2 — 5cos?6) (B.18)
where % are the coordinates on S2; we thus do not need to discuss the tensor harmonics

more generally.

C. Field equations up to second order

We discuss in this appendix the derivation of the field equations up to second order in
fluctuations.
The linearized equations read

EJ(\})N = RE\?N + %hKLFJL\}KMlMgMSFO MM Ms (C.1)
;, (farngs o ary FR MMM g, gy g, Fiyg MMMy = 0
EY == s + §h£Fﬁ4l_,_M5 T S A (C.2)
where

1
Rg\/[)N = Dihjyy — §DMDNh£, hirn = —(DMhﬁ + Dnhiy = D huy). (C.3)

Projecting these equations onto the various harmonics leads to the following equations’

ot w

(EC(L};)ND(GD,))YH =0= <2hgh + %ﬁh> =0; (C.4)
(B =0 = 50+ A — 230 =0

(DD = % ((D + AT —32)7" 4 80ATTHT 4 AT (hgh + 7%[1>> —0;
(Eulupaa)|D ynh =0= (b,lfypg + EﬂupUTDTBII) =0

ab
1, 1
(Epor)lyn =0 = <5D[Mb£1p o] ~ Cuvpe <§h§h +ADp — 57%11)) = 0.

These equations lead to the scalar field equations quoted in section [L.1 upon elimination
of BWPU and ng and then diagonalization.
We now move to the quadratic order. The field equations are

(1) _ p(2) (1) _ 7(2)
EMN - TMN’ EMl...M5 - TMl...M5 (05)
"In comparing with [R1] one should note that we expand in harmonics h,, rather than hj. (compare

(2.5)—(2.7) with our (B.4)).
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where the quadratic corrections are given by [R7]

ngl)...m hifir. Ms T 5h[M1 YTl th[M1 5. M) K (C.6)
+ <§(h£)2 + ZhMLhML> FS s+ 10h{<1 had ot MM KoK
Tyin = —Riy (C.7)
+%hKLh ¥ s FN M1M2M3+ 3 23 pmas) W2 B ieonn s sy
—%hK (fruranaonss FRg™ M8 + g amar, g™ M2M3)
+%fMM1...M4fNM1'“M4
where

1 1
RY), = —Dg(hEnk ) + 5 DN (e Darh™?) + Shfiy Dichf = hfrchly (C.8)

These quantities were computed to second order in the field s in the de Donder gauge
in [2d], by substituting the linear solution of the field equations

B, = U(k)s" gh, + W (6) DDy s™ (C9)
Wl = V(E)shgag, B = s
) 4
k)=—-=-U(k) =2k k) =-——.
V) = —gUR) =2k, W) =

As discussed in the main text, the resulting field equations will be applicable to other
gauge choices provided that one replaces each field by the corresponding gauge invariant
field. In particular, for the field “s*” must denote the appropriate gauge invariant field.
For computing the quadratic corrections, however, it is sufficient to use the field §* which
is gauge invariant to linear order, since the difference between this field and the gauge
invariant field is itself quadratic in fluctuations.

C.1 Scalar fields

To compute the corrected scalar equations we will need to use the following components

of (L) and (C7):

1, ¢
Q1 = E(Téb))\D(QDb)w; (C.10)
1
= 193 4 dos1 + dso1)Ths + 32¢123D,,8°DH83) |
20(}12’1 (( 123 231 321) 23 1234 )

Tys = (3VaV3 + 5UsU3)8%5° + WoWs DU DV)§% Dy, D, 5

The notation in the first line implies the projection of the tensor (which is quadratic in
spherical harmonics) onto the spherical harmonic. (Note that the factor of five is included
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in the definition so as to match the conventions of [€]). Similarly one has

1 1 A A
Q% = 3(T(§2) a),yl = Wzl (105123 + ng(blgg — 2f3a123) + 32DM82DM82b123) ,
Sio3 = ValUzai23D*(582D,,5%) + WaVaai23 D, (DWW DY) %D, 5%) (C.11)

—VyV3b2138°5% — 8(a13 f2.f3878" + b1a3 DF§° D, §%) — @123V (64 f3 + 80V5) 575,

We also need

(T;Sz)paa)‘DaYl = _euupaTQ§17 (C12)
1
= (T2 +3V2)82 D75 + Wo D" D5 D, 5% ) by
122
(T/.S,l2/)p0'T)|Y1 = Qélle,ul/pm—a (C.13)
1 ~ ~
Qi = ~ T (Toz — (16Va f3 + 40V5V3)3%5%) ay93.

For the scalar field coupling to the tensor harmonic we need

Q' = (T3 )yns, (C.14)
- (% 7os + 3269, D305
4Z(t)1

Then the corrected equations of motion are written in terms of quantities just defined

(O (k= 4)s" = 5o (4 )k +5)Q1 + Q-+ (k+ (D, Q% + Qu)"
(O — (k + 8)k(k + 4)th = m (k(k— DQ1 + Qs — K(D,QL + Q). (C.15)

whilst the corrected equation for the scalar gbftl)‘l is

(O —k(k+4))o0 =2Q;- (C.16)

C.2 Tensor fields

To compute the correction to the metric and KK gravitons we we need T,Sl%). For brevity

we will include only the terms of interest here, namely §2. The curvature contribution to
(Tﬁ))|y1 is then

1/ 4 32 8
— <—§a122DHDpDJ§2D,,DPD"§2 - ?angpészDﬂD,,éz - §1;1221)ﬂ1),)§21)y170,§2
21
48 (D’D°3*D,D,5%)¢°, + A0 s — 32 D, D, (C.17)
9a122 S LUploS )Gy 9 122 ar2 | S UyL0yS .

136 2 A 32 .
—Tamg(DusQD”sz) + §(a122 - 5122)(82)2931,)
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whilst the field strength contribution to (Tﬁ))hﬂ is
L (0, (220128 — D,D,82DPD78) — 4by(D,D8%) | — L a1p2D,,D, 8
2 v 9 ar22{4(s pllas S 122(pS S 3 ar228 Ly VyS

+8DH§2D,,,§2b122) . (C.18)
These lead to the following equation for the graviton,

o (O
(L + 0% = T2y - i (508 + 508 o (©19)

where the linearized Einstein operator is defined as usual by
1
LpA, = 5(—D)\W + DyDy N, + DpDy N, — Dy Dy M. (C.20)

The term proportional to Q2 and Q4 arise when eliminating O07° and Bgo from the equation.

The following identities prove useful:

1

Lg((D?D°§*D,Dy5%)g5,) = —§D(D”D"§2DPD0§2)gZ,, -3D,D,D,D,3*D" D° §*
-3D,D,D,3*D,D"D’ &

Lg(D,D,s*D,D§*) = 2D’D,5*D,D,§* — D,D’D°3*D, D,D,5
+90,(D?D?§*D,D,8%) — 9D’$°D,, D, D,5* — 7D, §* D, §*
+128°D,, D, 8* — (D’$°D,5) g0, (C.21)
Lp((DP3°D,8%)g0,) = 8(DP5°D,8%) g5, — g0,(DPD?5°D,Dys)
-3D?3’D, D, D,&* — 3D?D,3*D,D, §*
Lp(8°D,D,5%) = —3D,§*D,5* — (D"§°D,5%)g, + D,D’$° D, D,5*;
Lp((8°)g0,) = 4(5%)°¢5, — (DP§°D,8%)g5, — 38°D, D, §* — 3D, 5D, 8.
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